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A numerical program for  i n t e g r a t i n g  t h e  equation of motion 
of charged p a r t i c l e s  i n  t h e  Taylor-Hones model of t h e  geomagnetic 
f i e l d  i s  developed and used t o  ca lcu la te  a l a rge  number of  t r a j e c -  
t o r i e s  of 1 . 2  MeV protons arr iving from i n f i n i t y  ( so la r  cosmic ra.ys). 
Only those p a r t i c l e s  which approach t h e  ea r th  t o  an a l t i t u d e  of 
< .\. 2000 km a re  considered. The r e s u l t s  show t h a t  for such p a r t i c l e s :  
(a) F ie ld  l i n e s  attached t o  t h e  ea r th  a t  a l a t i t u d e  l e s s  
than - 65" m e  inaccessible  t o  p a r t i c l e s  of any p i t c h  angle 
(0" t o  90") at 2000 km and for  a l l  l o c a l  times; 
On t h e  day s ide  of earth,  f i e l d  l i n e s  between -.. 65" and 
- 75" a re  accessible  only t o  p a r t i c l e s  having l a rge  p i t c h  angles at 
t h e  a l t i t u d e s  of - 2000 km ( i . e . ,  moving approximately orthogonal t o  
the  magnetic f i e l d  vector)  ; and 
(b) 
(e) The "polar plateau", an i r r e g u l a r l y  shaped region which 
i s  probably accessible  t o  p a r t i c l e s  of a l l  p i t c h  angles 0" t o  go", 
extends from t h e  pole  t o  - 65" on the  midnight meridian, t o  
- 75" on t h e  noon and dawn meridians, and t o  - 70" on t h e  dusk 
meridian. 
A comparison with the  meager, observed da ta  of Stone and of 
Had ing  gives some support t o  t he  v a l i d i t y  of t h e  ca lcu la t ion .  
- .  
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INI'RODUCTION 
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It has been c l ea r  f o r  some time t h a t  t h e  en t ry  of low energy 
cosmic rays i n t o  t h e  e a r t h ' s  atmosphere i s  not adequately explained 
by Stb'rmer theory.  
da t a  has been published by Leinbach, Venkatesan, and Parthasarathy 
[19651. 
range with s a t e l l i t e  detectors  a l so  show i n  a conclusive way t h a t  
such p a r t i c l e s  can penet ra te  t o  much lower l a t i t u d e s  than predic ted  
by Stgrmer theory f o r  an idea l ized  d ipolar  magnetic f i e l d  [Maehlum 
and O'Brien, 19621 [Pieper e t  a l . ,  19621 [Stone, 19641 [Harding, 
19661. 
s ion  of t h e  e a r t h ' s  surface f i e l d  does not account f o r  these  f indings 
[Sauer, 19631. Moreover, t h e  observations show t h a t  cut-offs  a r e  
dependent on l o c a l  time, a feature  which i s  absent from any a x i a l l y  
symmetric f i e l d  model. 
A recent  study of t h i s  matter using riometer 
Direct measurements of s o l a r  protons i n  t h e  1 t o  10 MeV 
The inc lus ion  of higher order  terms i n  t h e  harmonic expan- 
I n  t h e  present  work, an attempt i s  m a d e  t o  understand these  
marked discrepancies  through the  use of a r ea l i s t i c  model of t h e  
d i s t a n t  geomagnetic f i e l d .  The model includes t h e  sunward boundary 
of t h e  magnetosphere and illl extended geomagnetic t a i l - - d i s t o r t i o n s  
of t h e  e a r t h ' s  f i e l d  caused by i t s  i n t e r a c t i o n  with t h e  s o l a r  wind. 
It i s  found t h a t  t h e  geomagnetic t a i l  and t h e  current sheet asso- 
c ia ted  with it have a l a rge  influence on t h e  paths of so l a r  cosmic 
rays [ c f .  Reid and Sauer, 19671. 
Qual i ta t ive ly  the  effect  of these  magnetospheric fea tures  
on cosmic rays can be explained as follows. The magnetic f i e l d  
s t rengths  a re  r e l a t i v e l y  weak i n  t h e  magnetospheric t a i l ,  - 20 7, 
so t h a t  1-10 MeV protons can enter  t h i s  region. The sharp curva- 
t u r e  of t h e  magnetic f i e l d  l i n e s  at  t h e  current sheet e f f e c t i v e l y  
s c a t t e r s  these  p a r t i c l e s  throughout t he  t a i l  and thus provides 
access t o  those l a t i t u d e s  t o  which l i n e s  i n  the  t a i l  connect. On 
t h e  sunward s ide  of the  magnetosphere t h e  cut-off l a t i t u d e s  f o r  
d i r e c t  access are  roughly t h e  Starmer ones; but  at  lower l a t i t u d e s  
quasi-trapped p a r t i c l e s  which have d r i f t e d  around from t h e  t a i l  a re  
expected. 
This paper repor t s  the  r e s u l t s  of numerical i n t e g r a t i o n  of 
t h e  equation of motion of a 1.2 MeV proton i n  t h e  model magneto- 
sphere of Ta,ylor and Hones [1$5]. Comparison i s  made with d a t a  
taken during a time of l i t t l e  magnetic a c t i v i t y  i n  mid-September 
1961 as published by Stone [I9641 and with t h e  more extensive 
data of Harding [1%6]. 
DETAILS 
P a r t i c l e  t r a j e c t o r i e s  are determined by numerically i n t e g r a t -  
ing t h e  d i f f e r e n t i a l  equation f o r  t h e  p a r t i c l e  t r a j e c t o r y :  
where x' i s  t h e  pos i t i on  vector of t he  p a r t i c l e ,  s i s  t h e  d is tance  
along i t s  t r a j ec to ry ,  e i s  i t s  charge, m i s  i t s  mass, v i s  i t s  
veloci ty ,  :is t h e  magnetic f i e l d  vector,  and c i s  t h e  ve loc i ty  of 
l i g h t .  
The numerical in tegra t ion  rou t ine  used i s  a f i f t h  order 
Runge-Kutta one, s p e c i f i c a l l y  G i l l ' s  method [ G i l l ,  19511. A l i s t -  
ing  of  t h e  program i s  avai lable  an reques t .  
program i s  checked i n  severa l  d i f f e ren t  ways. F i r s t  a uniform 
magnetic f i e l d  i s  used and the r e s u l t s  compared t o  a n a l y t i c a l  ones. 
If t h e  e r r o r  i s  random f o r  each s t ep  then t h e  expected e r r o r  a f t e r  
N s t eps  of length  A i s  A5 $I2. 
o r  roughly 100 RE ( ea r th  radii) along t h e  path of a 1 .2  MeV proton 
i s  a 20 y f i e l d ,  t h e  expected e r r o r  i s  - 0.02 RE. I n  t h e  uniform 
f i e l d  t h e  numerical pos i t i on  i s  found t o  be wel l  within t h i s  d i s -  
t ance  of t h e  ana ly t i ca l  pos i t ion .  
The accuracy of t h e  
This means t h a t  a f t e r  400 s t eps  
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. .  The second method of checking uses the  model f i e l d  and 
makes use of  t h e  r e v e r s i b i l i t y  of the  d i f f e r e n t i a l  equation. 
If t h e  s ign of t h e  charge and t he  d i r e c t i o n  of motion are  both 
reversed the  p a r t i c l e  t raverses  t h e  same t r a j e c t o r y  i n  the  
opposite d i rec t ion .  Thus t o  check the  program, the  p a r t i c l e  i s  
t raced  outward fo r  a ce r t a in  distance then reversed and t r a c e d  
back i n .  
be at i t s  s t a r t i n g  po in t .  
c r i t i c a l l y  on t h e  s tep  s i z e  chosen and t h e  path length t raversed  
before t h e  computational reversal ,  i . e . ,  on t h e  number of s teps  
taken. A su i t ab le  s tep  s i z e  and the  m a x i m u m  dis tance are chosen 
empirically by requir ing t h a t  t he  p a r t i c l e  r e t u r n  t o  within 
0.02 R 
i n i t i a l  d i rec t ion .  
After moving the  same dis tance back t h e  p a r t i c l e  should 
The s t a b i l i t y  of t he  rout ine depends 
of i t s  i n i t i a l  pos i t ion  and be moving within 10' of i t s  E 
CALCULATIONS 
With the  above checks t o  insure  t h a t  t h e  numerical program 
i s  accurately solving the  d i f f e r e n t i a l  equation, t h e  program i s  
put t o  use t r ac ing  p a r t i c l e  t r a j e c t o r i e s  by s t a r t i n g  a (negatively 
charged) proton above the  ionosphere and following it outward. 
m a x i m u m  of 50 
occurs f i r s t ,  i s  placed on each o r b i t .  The i n t e g r a t i o n  i s  termi- 
nated before reaching these  limits i f  the  p a r t i c l e  re turns  t o  an 
a l t i t u d e  of 100 km, on t h e  presumption t h a t  it w i l l  be absorbed by 
the  atmosphere. The t r a j e c t o r i e s  a re  a l so  examined by hand t o  see 
which ones e f f e c t i v e l y  escape from t h e  magnetosphere. 
A 
pa th  length or of 20,000 numerical steps,  whichever 
The model magnetosphere used i s  shown i n  Figure 1. 
t h e  f i e l d  of a dipole  representing t h e  e a r t h ' s  magnetic moment 
plus  an image dipole  which produces t h e  e f f e c t s  of t he  s o l a r  wind. 
I n  addition, on the  an t i - so la r  s i d e  of t he  ea r th  the  f i e l d  of an 
i n f i n i t e  current sheet of f i n i t e  thickness i s  added. Amore 
de ta i led  discussion of t he  model c m  be found i n  an e a r l i e r  publ i -  
cat ion [Taylor and Hones, 19651. The addi t iona l  d i s t o r t i o n  of t h e  
magnetic f i e l d  by a r ing  current i s  not included i n  t h i s  study, 
on the  grounds of ca lcu la t iona l  s implici ty ,  though it i s  well  known 
It i s  
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t h a t  observat ional  values of geomagnetic cu t -of fs  are responsive 
t o  geomagnetic storm a c t i v i t i e s  [Akasofu, Lin, and Van Allen, 19633. 
I n  t h e  f i r s t  phase of t h e  study a p a r t i c l e  i s  s t a r t e d  at an 
a l t i t u d e  of about 2000 k m  i n  a d i r ec t ion  a n t i - p a r a l l e l  t o  t h e  
magnetic f i e l d  vector  (northern hemisphere) . 
computed a t  i n t e r v a l s  of 1" i n  l a t i t u d e  from 60" t o  80" f o r  every 
30" i n  longitude. Thus a t o t a l  of 252 t r a j e c t o r i e s  i s  calculated.  
The lower l a t i t u d e  t r a j e c t o r i e s  at  all longi tudes are c l e a r l y  for -  
bidden ones s ince  they  in t e r sec t  t h e  atmosphere at a poin t  approxi- 
Tra jec tor ies  a re  
mately conjugate t o  t h e  s t a r t i ng  po in t .  
f i e l d  l i n e s  emanate i s  therefore  inaccess ib le  t o  p a r t i c l e s  from 
i n f i n i t y .  
The region from which these  
Tra jec tor ies  or iginat ing at  higher l a t i t u d e s  exhib i t  a 
d i f f e ren t  character .  Even though v L  = 0 i n i t i a l l y ,  t h e  
t r a j e c t o r i e s  have turn ing  points  (minimum a l t i t u d e s )  above t h e  
appreciable atmosphere i n  t h e  opposite hemisphere on t h e i r  f i r s t  
pass .  The region of o r ig in  of such t r a j e c t o r i e s  i s  ca l l ed  t h e  
sca t t e r ing  region and i s  shown i n  Figure 2 as t h e  open region which 
includes t h e  pole .  The form of t h i s  region has a s t rong d iu rna l  
dependence. On t h e  b a s i s  of qua l i t a t ive  considerations [ c f .  
Introduct ion]  it i s  bel ieved l i k e l y  t h a t  such t r a j e c t o r i e s  w i l l  
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usual ly  l ead  t o  i n f i n i t y ,  i f  allowed t o  continue f o r  a s u f f i c i e n t  
length of time. 
The region forbidden f o r  p a r t i c l e s  a r r iv ing  along t h e  
magnetic f i e l d  vector  i s  not necessa r i ly  forbidden f o r  p a r t i c l e s  
of a l l  p i t c h  angles.  To inves t iga t e  t h e  point,  t r a j e c t o r i e s  a re  
computed f o r  p a r t i c l e s  which a r e  s t a r t e d  at  an a l t i t u d e  of 1000 km 
with a p i t c h  angle o f  90". 
I n  t h i s  second phase o f  t h e  study, 40 t r a j e c t o r i e s  are ca l -  
culated at  i n t e r v a l s  of 30" i n  longitude and 2" i n  l a t i t u d e  i n  t h e  
region where temporary trapping i s  suggested by t h e  e a r l i e r  calcu- 
l a t i o n s .  The region i s  found t o  have a penumbra-like character .  
Some of t h e  t r a j e c t o r i e s  continue t o  exh ib i t  l a t i t u d i n a l  o s c i l l a t i o n  
between turning po in t s  above t h e  atmosphere f o r  a path length as 
g rea t  as 100 RE and f o r  longi tudinal  d r i f t s  of - 30". 
s t r i k e  t h e  e a r t h  before reaching t h e  100 R l i m i t .  This 
penumbra-like behavior i s  also c h a r a c t e r i s t i c  of a few add i t iona l  
t r a j e c t o r i e s  computed f o r  other i n i t i a l  p i t c h  angles near 90". 
Others 
E 
Otherwise s ta ted ,  p a r t i c l e s  on many such t r a j e c t o r i e s  a r e  found 
t o  undergo a number of l a t i t u d i n a l  o s c i l l a t i o n s ,  while d r i f t i n g  
approximately along a longi tudindl  i nva r i an t  sur face .  Thus, 
t hese  p a r t i c l e s  a re  temporarily trapped. Because t h e  s c a t t e r i n g  
region extends t o  lower l a t i t u d e s  on t h e  night  s i d e  of t h e  ea r th  
.. than it does on t h e  day s ide  (Figure 2) ,  many of t h e  invar ian t  
surfaces  02 which p a r t i c l e s  a e  trapped on t h e  day s ide  w i l l  be i n  
t h e  sca t t e r ing  region on t h e  night  s ide .  Hence p a r t i c l e s  coming 
i n  from i n f i n i t y  may become trapped on these  surfaces  on t h e  night  
s ide  and d r i f t  around t o  t h e  day s ide  as trapped p a r t i c l e s .  The 
region where such temporarily trapped p a r t i c l e s  a re  found i s  shown 
i n  Figure 2 as t h e  heavi ly  cross-hatched region.  Only t h e  l i g h t l y  
slashed region below 60" i s  inaccessible  t o  1 . 2  MeV protons of  all 
p i t c h  angles.  
From t h e  foregoing the  following summary i s  suggested fo r  
(a) A t  low 1.2 MeV protons approaching the ea r th  from i n f i n i t y :  
l a t i t u d e s  ( the  l i g h t l y  slashed region of Figure 2) no p a r t i c l e s  are 
expected; (b) at  intermediate l a t i t u d e s  on t h e  day s ide  of t h e  
ea r th  (cross-hatched region) only p a r t i c l e s  with l a rge  p i t c h  angles 
a re  expected; and (c )  at  high l a t i t u d e s  (open region) p a r t i c l e s  of 
all p i t c h  angles should be found. 
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There have been very few experiments measuring t h e  l o c a l  
time and p i t c h  angle dependence of t h e  cut-off of low energy cosmic 
rays .  
cut-off of 1 . 5  MeV protons during a per iod of l i t t l e  magnetic 
a c t i v i t y  i n  September 1961. 
t h e  p i t c h  angle d i s t r ibu t ion .  
be - 65" and during t h e  day - 67". 
Figure 3, however, shows t h a t  on t h e  day s ide  t h e  hor izonta l  
i n t e n s i t y  cut-off i s  at a lower l a t i t u d e  than t h e  v e r t i c a l  in ten-  
s i t y  cut-off,  while on the  night s ide  both hor izonta l  and v e r t i c a l  
cut-offs  occur at approximately t h e  same l a t i t u d e .  Such an e f f e c t  
i s  i n  genera3 agreement with the  present  model ca lcu la t ions .  
Stone [1$4] inves t iga tes  t h e  l o c a l  time dependence of t h e  
He a l so  gives some information about 
He f inds  t h e  cut-off a t  night  t o  
A de ta i l ed  look a t  h i s  
Injun 3 observations [Harding, 19661 of low energy so la r  
protons on September 21, 1963 show a much more s t r i k i n g  difference 
i n  geomagnetic cut-offs  f o r  p a r t i c l e s  at p i t c h  angles near 90" and 
near 0' at a l o c a l  time of - 0800 and a neg l ig ib l e  d i f fe rence  a t  
a l o c a l  time of - 1600. 
t hese  In jun  3 measurements were taken during t h e  magnetic storm of 
September 21-22, 1963 when t h e  configurat ion of t h e  magnetosphere 
However it should be pointed out t h a t  
.. _- l ?  
may have been s i g n i f i c a n t l y  d i f f e ren t  from t h e  model used i n  t h i s  
paper.  I n  addition, t h e  temporal va r i a t ions  which a re  evident i n  
t h e  magnetograms fo r  t h a t  time would contr ibute  t o  the  changing of 
p a r t i c l e  p i t c h  angles and thereby cloud t h e  p i c t u r e .  
SUMMARY AND DISCUSSION 
The r e s u l t s  are  summarized i n  t h e  abs t r ac t  (q .v . ) .  
Although t h i s  study was undertaken independently of t h a t  
of Reid and Sauer [1967] and i s  d i f f e r e n t  i n  de t a i l ,  it y ie lds  
broadly concordant results i n  emphasizing t h e  e s s e n t i a l  r o l e  of 
t h e  magnetospheric t a i l  i n  providing access t o  t h e  ea r th  f o r  low 
energy ( -1 MeV) solar protons. Additional i n s igh t  i s  provided 
on t h e  matters of d iurna l  va r i a t ion  of cu t -of fs  and of permitted 
p i t c h  angles at s a t e l l i t e  a l t i t u d e s .  A d e f i n i t i v e  t e s t  must a w a i t  
more comprehensive p a r t i c l e  observations a t  times when t h e  ac tua l  
topology of t h e  d i s t a n t  geomagnetic f i e l d  i s  being determined 
simultaneously or  can be in fe r r ed  r e l i a b l y  from systematic study 
of i t s  r e l a t ionsh ip  t o  other,  more e a s i l y  observed geomagnetic 
cha rac t e r i s t i c s  . 
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F I G m  CAPTIONS 
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Figure 1. Fie ld  l i n e s  i n  the noon-midnight meridian of t he  
mo-21 geomagnetic f i e l d .  The axes a re  labeled i n  un ts  
of ear th  radii and the f i e l d  l i n e s  are labeled by t h e i r  
co- la t i tude  at the  surface of t h e  ea r th .  
f i gu re  2. A north polar  cap l a t i t u d e - l o c a l  time p l o t  of t he  
th ree  d i s t i n c t  regions of a c c e s s i b i l i t y  o r  i n a c c e s s i b i l i t y  
t o  1 .2  MeV protons which en ter  t he  magnetosphere from 
i n f i n i t y .  
p a r t i c l e s .  The cross-hatched region i s  accessible  only 
t o  p a r t i c l e s  whose p i t ch  angles a re  near 90" at an 
a l t i t u d e  of - 2000 km. 
pole i s  t h e  "polar plateau", a region which i s  probably 
accessible  t o  p a r t i c l e s  of all p i t c h  angles from 0" t o  
90". Lati tude i s  i n  degrees. The dawn meridian i s  at  
0600 hours and t h e  dusk meridian at  1800 hours. 
The slashed region i s  inaccess ib le  t o  any such 
The open region including the  
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